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UNaauBugyanbHBbIE 3aJaHUST 110 MATEMATUYIECKOMY aHAJIU3Y

NHINBUIYAJILHOE 3AJJAHUE 13
JINOOEPEHIIMAJIBHOE UCUYNCIEHUE
OYVHKIINN MHOTUX TEPEMEHHBIX »

1. HaiiTi BeanmuuHy u HampaBJieHHe rpaJueHTa PyHK-
mu u = f(x,y,2) B Touke M (xg, Yo, 20):

1. u = In(2® + y* + 2?), M(1,1,3).
_ 1
2 u= e, M(1,1,1).
3. u= /22 +y?+ 22, M(1,0,1).
4. u = arctg *Z, M(1,2,1).
5. u = arcctg(ryz), M(2,1,1).
_ 1
6. 4= e M(2,2,1).
7. u= (2% — 3ay + y2?)?3, M(1,-2,1)
8. u = /1% + y? + 223, M(0,1,1).
9. u = In(2? + y* + 2?), M(0,1,3).
10. u = In(z? + zy* + zy2?), M(1,1,2).
. T+
11. u = arctg yTg’ M(1,2,3).
12. u = arctg <, M(1,2,2).
13. u = In(2? — 3> + 2?), M(1,1,3).
_ 1
14. U—m, M(l,l,l)
15. u = /a2 — y2 + 22, M(2,1,1).
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16. u = arcctg(2zyz), M(2,2,1).
17. u = In(z? + y* — 2?), M(3,1,1).
_ 1
18, u= e, M(3,1,1).
19. u = /22 — 32 + 223, M(1,1,3).
20. u = arctg f’y%j, M(2,2,3).
21. u = In(2? — xy* + zyz?), M(1,1,3).
22. u = (23 + 3wy + y2°)°, M(1,2,1).

2. Haiitu npousBoanyio pyukimu z=f(x,y) B Touke M
a) 10 BEKTOPY {;
6) 110 HAITPABJIEHUIO BEKTOPA @
B) 110 HAITPABJIEHUIO K TOYKe V;
I') MO0 HAIPAaBJIEHUIO l_; COCTABJIAOIIEMY YroJl & C MOJIO-
KUTEJILHBIM HammpaBaenueM ocu Ox:

Nel  f(z,y) M a N a
1. V22— +ay | (2,1) (3,4) (7,13) | §
2. arctg 2 (—3,4) (5,12) (3,12) 2%
3. Iny22+42 | (1,3) (6,8) (10,15) | 3
4. \/#Tﬁ (2,2) | (9,12) | (=1,6) | ]
5. 22* —=3zy+1 | (=2,3) | (=3,4) | (=7,15) | %
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6. xcos(x—y) | (

6 376
7.0 ysin(x +y) (=5, 5) | (=, %W) (_11%7 BTW) %T
8. arcctg (4,-3) | (—9,12) (7,=7) | =5
9. Vr+yr | (2-5) | 3,—4) | (7,-17) | 3

0 = 1Y | G- 0o |3

11. 2"+’ (=1,1) | (6,=8) | (8—11) | 7

12.| 22 —3zy+y* | (5,3) | (9,—12) | (2,—-1) |-

13.| zarcsin(xy) (1,%) (—§ —2) (—§ —1_1) 2

14, yarctg(zy) | (4,-2) |(=5,-12)  (=2,—10) | 2Z

6
15. xe'V (1,1) (=6,—=8) | (=8,—11) | &
16. | In/1+a22+y?| (=2, -1)| (=9,-12)| (1,3) |—%
17. VPR — 2 +xy | (1,2) (4,3) (13,7) | §
18. arctg ¢ (4,—3) (12,5) (12,3) 2%
19. | Iny/222 + 342 | (1,3) (6,8) (10,15) | 3
20. \/m (2,2) (9,12) (-1,6) | %
21.| 32° —2zy+ 7 | (—2,3) (—3,4) (=7,15) | §

22.| ycos(x —y) (-Z,%) | 2m, =20 | (&, =) | &
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3. BBoag HOBBIe He3aBUCUMBbIE NEpPEMEHHbIE U U U U
HOBYIO (pyHKIIUIO w, Mpeobpa3oBaTh ypaBHEeHUE:

02 9%z 0%z _
L. 28$8y + oy? 0,

u=x—1, v:y, w=x—Y-+=z.
9%z 9z 0z\ _
2. x ((%2 28x8y+ )+2 <8x 8_;) =0,
u =2y, v=x+Y, w=xz+Yy.
3.$28z+y28z+x +y _O
r = e, y = e, z—u—l—v—i—w
02 10 2 9 2z _
dper ~rap T o Tap =0
u=gzy, v=%  w=Zi4y

5. x?’az -I-CC —I—szgé = COsY — X2,

u:xcosy, v = xsiny, W = Tz + Cos Y.
2
i 922 02\ _
6. z( +ayz)+(0_§;) +(a_§> =a+Db,
u = ax + by, v =br — ay, w = ax’® + by* — 2.
9z 20z _ 2
TG i~

u:ln\/x2+y2, v = arctg 7, w=:-—uz

8. .04 %=y,

y+10x

:U:u—HJ y:%, Z = uw.

2,282 2022 a®2 09z | 220z _
9.Clyax :U@_y2_ 2 ox ;a—y—(),

u = 2%+ ay?, v =% — ay?, w =z +x° + y°.
10. (1+2%) %+ (zy +V1+ :1;2)3—; =0,

r =tgu, Vv = Yy Ccosu, zZ = w.

2
9%z 2z | 9% 0z _ 9z\ _

11. 0082(82 Zaxaera—yQ) sz(ax 8_y) =0,

u = 2, v=x+1Y, w = sin 2.
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12. 2(z + )55 + % = —6(z +y),
x = u, y =v? —u, z=w —vh
13. 82 +8x8y_68_2+ +382 3siny — 6cosy,
u = —33:, v =19+ 2, w = cosy + z.
20 192 | 8229z _ 8a? y
14. — 4 ——58—;+%8—;— Zgjf—g,
u:y—xz, v =y + 2 w==Z-—ur.
2
2z _ 0 0 0
15. 2(nz+1) (25 - 95) + (%) - (5) =0,
u=x+ 2y, v =2+, w=zlnz.
16. v + y — 22 =0,
_ _ 2?4y’ _y
u-%, V=5, w = ="
0z | Yo%z _ 1
17'6_;+§8_yz_57
U=, v =z, W=z —Y
0%z | 9? 0z _
18. 3x§ 8y§ 0x62y o 0’
u=2x+y, v =12 w = =.
82 2z | 9% _
19. anay—i—a—yé—o,
u:x—i—y, vV=x — Y, w=xYy — 2.
20. yg$—wgzz(y—a:)z,
1,1
u= x>+ y? v=1+3, w=1Inz—(x+y).
9> _
21. Z+8x8y+ 2
_ rty _ Ty _
u=s v=n, w=ee
0 2\ 9%z
22. 1-2*)55+(1—y )—2 xS +y@y,
r = sinu, Y = sinw, z=e".
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4. UccnaenoBarh (pyHKIONIO HA JOKAJbHBII 3KCTPEMYM:

1. f(z,y) = 2 + 34>

2. flx,y) =2 +y' — (v —y)*.

3. flx,y,2) =422 + 12 + 2% + 2ay.
4. f(z,y) = (z +y*)e"/,

5. f(z,y) = (2% — 2y%)e"”

6. f(x,y) = 2rye ™ .

7. flz,y) = (2% — 8y?)e”™*

8. f(z,y) = (5— 4z + y)ete*~v

9. flz,y) = (5 — 2z +2y)e” %
10. f(z,y) =2z + 2y + 4 4 2

11. f =+ vy + 2sinxcosy.

(z,y)
(z,y)
12. f(z,y) = (1 +€*)cosy — xze”.
13. f(x,y) = (82% — 6zy + 3y?)e?* ™.
14. f(z,y,2) = (y + Tz)e @+,
15. f(
16. f(
17. f(
(

18. f
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19. f(z,y,2) = (y + x)e v+,

20. f(z,y) = zyIn(a® + y?).
21. f(x,y) = 108Inz — xy® + L.
22. f(x,y) = 2° +y* — 32In(zy).

5. Haiitum nanboJsibIiiee 1 HamMeHbIIIee 3HaYeHne (PyHK-
U Ha MHOKECTBe:

1. z = 2% + 292, 2?2+ 9% < 4.

2. 2z = xay, 4+ y* < 2.

3. z = zy, lz] + |y| < 1.

4. z = x* — 2, %Q—F%él.

5. u =z + 2y — 2z, ? + 7+ 22 < 0.
6. 2 =20 + 2y — 1, 2L

7. z:eryQ, x4 2y < 1.

8. 2z = 6_92_25”2, 2?4+ 4% < 1.

9. z = 2% — 3y?, lz] + |y| < 1.

10. 2 = 4oy — 32% — 2y max(|x|, |y|) < 1.
11. z =z, 2?4 4y? < 1.
12. 2 = ¥ (2* + 49° + 4y + 1), max(|z|,2ly|) < 2.
13. u = 222 + y? + 622, w?+ oy 4+ 22 < L
14. z = xy, v’ <y < 1.
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15. z = xy,

16. u = 2% +y* + 22,

17. 2z = 2® — zy + v2,

18. z = (z + y)e",

19. z =3 4 22y,

20. z = (z — 6)* + (y + 8),
21. z = y* — a?,

22. u =z + 2% + 322,

22 + 9% + 22 < 100.

6. Ckonbko byHKIIMIIT ya0oBJIeTBOpsieT ypaBHeHno? Ka-

K1e 13 HuX HellpepbIBHBbI? Bomminure nx. Kakue n3 Hux

andpdepenrnupyembl? Boinmnnmmre mnx:

© A.A. BopoinioB 2012

1. 42> —In*(1 + 2) = 0.
3. |yl = la| = 1.

5. |y| = |sinx|.

7. y? —sin’z = 0.

9. y> — 25 = 0.

11. y? — cos’x = 0.

13. [y| = |In(1 + 2)|.

15. |z + 1|+ |y — 1| =2.

17. ly| — |z* — 42| = 0.

2. y? —tg?x = 0.
4. y* —|z| = 0.
6. ||+ |y| = 1.

8. ly| = In(1 + |x|).

10. y* — 22 = 0.
12. 22 + 42 = 4.
14. |y| = [tg|.

16. |z — 1|+ |y + 2| = 4.
18. |z| = y* — 4.
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19. x —siny = 0. 20. |z + 3|+ |y — 5] =4.

21. z — cosy = 0. 22. 2° + y* = 16.

7. Haiitu mupomsBogmyio ¢y yHKINU, 3aaaHHOI
HesIBHO:

1. arctg(z +y) —2"7Y = 0. 2. sin(xy) —logy (2% +y*)=0.

3. arccos(ry)—logg(x®+9*)=0. 4. cos(zy) — 2* +y = 0.

5. sin(zy) — 2 +y = 0. 6. cos(zy)—logs(z%+y*)=0.

7. gy e 8. TP — 47 =0,

9. 2" — y? = 0. 10. arctg(z — y) — 2" = 0.
11. 251 — cos?y = 0. 12. arcsin(@®+y?) —logs(ry) =0.

13. (tgz)™¥ — (sinz)®Y =0.  14. sin@?+y?) —In(z+y)=0.

15. /23 + % — tgy =0. 16. arcsin(xy)— /22 +y>=1.
17. arcsin(z + y) — 3" = 0. 18. cos(zy)+log,(xt+1y*) =0.

19. arctg@zy) —arcsin(r’+y)=0. 20. sin(zy?) + 3% —y = 0.

21. sin(y/zy) — y*°* = 0. 22. arctg(x —y) — y“"2 = 0.

8. Haiitu nuddepenmmaiant pyHKOMit © 1 v, 3aJJaHHBIX
HEesBHO CUCTEMON ypPaBHEHUI:

u’ — vy =0, arcsiny — x"’ = 0,
L. v 2. 2 2 2 2
logou — 3"+ xy = 1. =y +ut—v

Il
—
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arcsinz — (zu)"™ = 0,
r? — P +ul+ vt =1

13.

sin

rT—y+v—u=70,
L=y

COSvU 1

arctg uv + ¥ = v,

{
{
{
{
{

15.

19.

21.
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1
6. {
5. {

10.
12.
14.
16.
18.
20.

22.

arccosx — y"’ =0,
2

2’ +y? —u? — v =2

,U:L‘_yu:O,
logoz — 3Y —uv =1,

U+ Yyv = uv,
TV — Yyu = U + 0.

arctg:z:— =0,
2+ —u? 112 0.

u’' —y' =1,
22+ —u? 0 =1,

arctgy y““’ = 0,
2’ —y?P -0 =1.

23— y? +u? — v = 40.

TV —Yu = U + 0,
arcsiny — "’ = uv.

x2+y2—u2—02:v,

uv

arccosr — Yy - = u.

x2+y2

T U

Yy = u.

—u2+v2:uv,

¥
{
¥
{ arccos u + " = 4,
{
{
{

()
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0%

9. HaiiTn “acTHY!O MPOU3BOAHYIO 9y0; HEABHO 3aJ1aH-

HOUl (PYyHKIUN:

1. 22 +y+2z+u=ec"

3. 22+ + 2% — u® = ue
5. 22+ y+ 2z — 2u = ye'.
7. v’y + a° + e = zeb

9. 22 —u—1y+ e = etV

11. x — y? — 2 +u = arcsin u.

13. 2 —a3 —y3+e'=arctgu’.
15. v+ +y+z=a"
17. y*—a°— 2>~ u’=x arctg u.

19. 22 — 2 — y +u® = ue.

21. y? + 2 + 2 + arctgu = €.

2. 22—y — 2 —u=ue

4. y? — 2? — 22 —u? = xe

6. 2° —x —y + u® = ze

8.y +x+z+u=c¢e"

10. z° —y — z — u = arctgu.

12. y* — 2% + u + €% = log, u.

14. - y*+In(u’+2%) ="
16. 2°+u(a?+y*) =In(z?+u?).
18. 2%+ y+z—2u=yarcsin u.

20. uly + 2’ + e = zet

22. 22 —u —y + et = ety

10. ITycrs F : R? — R. HaiiTu npoussoanyio y dyHK-
Un, 3aJJaHHOI COOTHOIIIEHNEM:

1. F(z? — 42, 2 +y)=0.

11. F(2?* +y*, zy) = 0.

© A.A. BopoinioB 2012

F(z? + 92, zy) = 0.
Flz+y, a*—y°) =0.
F(z*+y*+rxy, 2*—y?*)=0.
F(sin(z?+?), In(z+y)) =0.
10. F(x —y, 2%y*) = 0.
12. F(23y°, ) =0.
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13. F(2* —y?, 2° +y*) =0.
15. F(arctg 2, sinxy) = 0.
17. F(2® — 3, x+y) =0.
19. F(e™V, 2%y) = 0.

21. F(coszy, > +y) = 0.

14. Y sin(z? + y?)) = 0.

16. F(tgxy, cos(x®+y?)) = 0.

18.

R

20.

B

n z+y?) =0.

22, %) = (.

F(e

(

(zy, 2°+y°) = 0.
(

F(z* 4+ zy, e

11. UcciaenoBaTh Ha YCJIOBHBIA 3KcTpeMyM (DYHKIIUIO

u=f(zy,2):
1. u= a2+ y* + 22,

2. u =2y,

3. u=x—2y+ 2z,
4. u=z' +yt + 24,
5. u=2%y’z,

6. u=2—y+ z,
7. u=2+y* + 22,
8. u = x%y*z°,

9. u=2z+y— 2z,

10. u = 2% +y* + 22,
11. u = 2% + y? + 22,
12. u = zy’2°,

13. v =2z +y — 2z,

© A.A. BopoinioB 2012

ecan 2o +y+ 2 = 3.

ecim x + 1y + z = 0.
ecin x° 4+ y? + 22 = 4.

ecam T+ 1y +z = 3.

ecqit T +y+z =4
ecin x’+y? + 22 = 1.

ecsit T +y+z=1.

ecn T +y+z=3.

ecin x° +y? + 22 = 1.

ecan T+ 2y + 2z = 1.
ecin T+ 2y + z = 3.

ecim T + 1y + z = 0.

ecun x° 4+ y? + 22 = 4.
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14. v = o' + yt + 24, ecim T + 1y + z = 0.
15. u = zy?23, ecin T+ Yy + 2z = 4.
16. u=x+y — 2, ecin x’+y? + 22 = 1.
17.u=a2>+y*+ 2%, ecm x+y+z=6.
18. u = 2°%y°22, ecn T +y+z=3.
19. v =2z + 2y — 2, ecoin x* +y? + 2% = 1.
20. u=2*+y*+ 2%, ecm 2o +y-+2z=1
21. u=2>+9y> + 2%, eom x+y+2z=23.

22. u = 23y2?, ecin T+ 1y + z = 6.
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