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We show that for each connected compact Lie group G the Hilbert G-space L2(G) and
the Banach G-space C(G;C) classify G-spaces.

�1. Introduction
The orbit projections of the spaces with an action of a compact Lie group can be

in natural manner considered as a kind of generalized principal bundles. Apparently,
R. Palais was the �rst whose objective was to develop this analogy as completely
as possible. For this he introduced the important notion of universal G-spaces (now
they could be called with full right the universal Palais G-spaces) and with its help
performed the classi�cation of G-spaces (see [1]). However Palais could not fully
take advantage of this.

In the paper [2] an important observation was made that some bundles of orbit
types in the space exp(S1) of all non-void compact subsets of the circle S1 (with
the Hausdorf metric and the natural action of the group S1) are endowed with the
structure of Eilenberg-MacLain complexes. (In the topology the similarly construct-
ed space exp(G) for the group G is usually called the exponent of the group. This
should not generate false associations with the exponential map of the tangent Lie
algebra into the group.) The fact that it was not a coincidence but a demonstration
of general regularity concerned with the universal Palais G-spaces has become clear
considerably later when the theory of such spaces was constructed (see [3], [4]).

(From the viewpoint of category theory the universal Palais G-spaces are injective
objects of the isovariant category ISOV-TOP, object of which are G-spaces and
morphisms of which are isovariant maps, that is, such equivariant maps f that
transform each orbit into equivalent one (this is also equivalent to the coincidence of
the stabilizers of an arbitrary point x and its image f(x)). To emphasize the close
connection of such injective objects with Borsuk's extensor theory ([5], [6]) in what
follows we will call them isovariant absolute extensors.)

As it turns out, many classical objects of topology, geometry and analysis endowed
in natural manner with an action of a compact Lie group are isovariant absolute ex-
tensors or their neighbourhood variants, so-called isovariant absolute neighbourhood
extensors. So far, it is known that the exponent expG of a connected compact
abelian Lie group is an isovariant absolute extensor (see [7]). In a forthcoming pa-
per we will show that among such spaces are the O(n)-space of convex bodies of
the Euclidean space Rn , the space of linear isomorphisms of the Hilbert G-space
and many others, and the representing space for the equivariant K-functor (namely,
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the space of Fredholm operators on the Hilbert G-space) is an isovariant absolute
neighbourhood extensor.

Let L2(G) be the complex Hilbert space of all measurable complex-valued func-
tions square-integrable with respect to the invariant Haar measure µG on G which is
endowed with the scalar product (ϕ,ψ) :=

∫
G

(ϕ ·ψ) ∂µG , and C(G;C) � the space
of complex-valued continuous functions with the norm ‖f‖ = sup{|f(x)| : x ∈ G}
closely related to L2(G). It is clear that the action (Rgf)(x) = f(xg) preserves the
scalar product and the norm and, consequently, L2(G) is a Hilbert G-space and
C(G;C) is a Banach G-space.

The aim of the present paper is the proof of the following theorem.
Theorem 1.1. Let G be a connected compact Lie group. Then the Hilbert G-space

L2(G) and the Banach G-space C(G;C) are isovariant absolute extensors.
As a direct consequence of the Palais universality of the space L2(G) we deduce

that any G-space admits a unique (with an accuracy of an isovariant homotopy)
isovariant map into L2(G); the subset of points of L2(G) having the given subgroup
H < G as a stabilizer is contractible, and so, the orbit projection of such a subset is
a universal principal W (H)-bundle for the Weyl group W (H) (other properties of
isovariant absolute extensors, and hence the space L2(G), are in [4]). The analogous
results are true for C(G;C).

The base of the proof of Theorem 1.1 is the analysis of interrelation between the
linear structure and the structure of action in the linear G-space V. As a rule, the
stabilizers of a point x of a simplex lying in V and its vertices {vi} are only connected
by trivial and uninteresting relation: the intersection of stabilizers of vertices is
contained in the stabilizer of the point x,

⋂
Gvi ⊂ Gx . The key trick we use consists

in �nding a dense subset in L2(G) and C(G;C) (called stable) for points of which
there is an embedding as close to the converse embedding Gx ⊂

⋂
Gvi as possible.

De�nition 1.2. A G-subset A of the Banach G-space L is called stable if the
stabilizer of an arbitrary convex combination

a =
∑
{µiai | 1 6 i 6 n}, where ai ∈ A,

is contained in the stabilizer Gai0 of some point ai0 , provided that the set {ai | 1 6
i 6 n} intersects each orbit in at most one point 1).

It is clear that Theorem 1.1 is a consequence of the next two theorems the �rst
of which gives an indication of universality of Banach G-spaces useful in the prac-
tice. We say that a G-subspace Y of the G-space X is Isov-dense if each G-map
ϕ : G/H → X is arbitrarily closely approximated by isovariant maps ϕ′ : G/H → Y.

Theorem 1.3. If the Banach G-space L has an Isov-dense and simultaneously
stable subset A, then L is an isovariant absolute extensor.

It is a rather natural question whether the Banach G-spaces satisfying the hy-
pothesis of Theorem 1.3 are widely encountered.

Theorem 1.4. If L is the Hilbert G-space L2(G) or the Banach G-space
C(G;C), then L contains an Isov-dense and simultaneously stable subset A.

1)Since, for instance, the stabilizer of the element µ1a+ µ2(ga) may be greater than Ga and
Gga for some a ∈ L, we could not drop the last requirement.
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The construction of Isov-dense and stable G-subsets in L2(G) and C(G;C) is
essentially based on strengthening the classical result on the existence of a �nite-
dimensional representation of the group G which has points with prescribed stabi-
lizer, say H < G. We establish that there exists a countable number of pairwise
noncomparable �nite-dimensional representations, each of which has points with
the stabilizer H (the precise formulation of this fact is contained in the theorem on
con�nality).

At the end of the introduction, we list a series of related problems of considerable
interest the solution of which is not obtained so far. Is it true that if G is a connected
compact Lie group, then the space of representation IndU , induced from a closed
subgroup H < G, is an isovariant absolute extensor? Given a connected locally
compact Lie group G, whether L2(G) and C(G;C) are isovariant absolute extensors?
If it is so, then what kind of universal properties do the orbit projections of the
corresponding spaces possess?

�2. Preliminary facts and results
In what follows we shall assume all spaces to be metric endowed with a metric dist

if they do not arise as a result of some constructions or if the opposite is not claimed,
and all maps under the same conditions to be continuous maps. We consider only
actions of compact connected Lie groups. As references to the theory of G-spaces
and to the theory of extensors see, for instance, [8] and [5], [6], correspondingly.

An action of a compact group G on a space X is a continuous map G× X→ X,
(g, x) 7→ g · x, such that g · (h · x) = (gh) · x and e · x = x for all x ∈ X, g, h ∈ G.
The space X with the action of the group G is called a G-space.

For each point x ∈ X the following subset Gx = {g ∈ G | g · x = x} is a
closed subgroup of the group G and it is called a stabilizer of the point x. For
each closed subgroup H (brie�y, H < G) we consider the following subsets of X:
XH = {x ∈ X | H · x = x} = {x ∈ X | H ⊂ Gx} (the set of H -�xed points);
XH = {x ∈ X | H = Gx} and X(H) = {x ∈ X | H conjugates with Gx}.

A map f : X→ Y of G-spaces is called a G-map or an equivariant map if f(g·x) =
g · f(x) for all x ∈ X, g ∈ G. The equivariant map ϕ : X → Y is called isovariant
if Gϕ(x) = Gx for all x ∈ X. It is clear that the latter equality is equivalent to the
implication ϕ(x) = ϕ(g · x) =⇒ g ∈ Gx .

Here is necessary information on isovariant absolute extensors. Let C be one of
the two categories: the category EQUIV-TOP formed by G-spaces and G-maps, and
the category ISOV-TOP formed by G-spaces and isovariant G-maps. The space X
with an action of compact group G is called an absolute C-extensor if X is injective
object of the category C, then is, every morphism ϕ : A→ X of C de�ned on a closed
G-subset A ⊂ Y of the G-space Y can be extended on the whole Y.

If C coincides with the category EQUIV-TOP, then absolute C-extensors are
called equivariant absolute extensors (brie�y, Equiv-AE-spaces). It is known (see [9,
p. 155], [10, p. 117]) and [11]) that

(2.1) each Banach G-space is an Equiv-AE-space.
If C coincides with the category ISOV-TOP, then absolute C-extensors are called

isovariant absolute extensors (brie�y, Isov-AE-spaces); the Isov-AE-space is the
same as the universal G-space in the sense of Palais [1], and the orbit space of
the Isov-AE-space classi�es G-spaces.

4



The following relation between injective objects of the mentioned above categories
takes place: each Isov-AE-space is an Equiv-AE-space. This and other properties of
isovariant extensors is contained in [3], [4].

In the set C(X,Y) of all continuous maps from a G-space X into a G-space Y we
consider the ¾source limitation¿-topology in which the sets

{g ∈ C(X,Y) | dist(g(x), f(x)) < γ(x)}, where γ ∈ C(X,R+)

(here C(X,R+) is the space of all positive continuous functions), form the funda-
mental system of neighbourhoods for an element f ∈ C(X,Y). It is clear that the
set Equiv(X,Y) of all equivariant maps is closed in C(X,Y).

The fact that the subset Isov(X,Y) of all isovariant maps is a Gδ -set in C(X,Y)
can be established with help of the notion of an ε-isovariant map � one of the key
notions in the paper.

De�nition 2.1. Let ε > 0. An equivariant map f : X→ Y is called ε-isovariant
if for each point x ∈ X there exists a point x′ ∈ X (called a majorized point) such
that dist(x, x′) < ε and Gf(x) < Gx′ .

It is not di�cult to verify that the subset Isovε(X,Y) of all ε-isovariant maps
is open in Equiv(X,Y) and Isov(X,Y) =

⋂{Isovε(X,Y) | ε > 0}. In what follows
we will make use of the following criterion of belonging to the class of isovariant
absolute extensors which was proved in [12].

Theorem 2.2. Let the complete G-space Y be an Equiv-AE-space. Then Y is
an Isov-AE-space if and only if for each G-spaces X and for each ε > 0 the set
Isovε(X,Y) is dense in Equiv(X,Y) with respect to the ¾source limitation¿-topology.

�3. The necessary information from the representation theory
Let Ĝ = {T s : G → GL(V s) | 1 6 s < ∞} be a collection of all irreducible

nonequivalent unitary representations of the group G. We denote by Ds
jk : G → C

the matrix coe�cients of the representation T s , and by ds � its dimension dimVs .
By the Peter-Weyl theorem [13]

(3.1) the continuous functions {√ds · Ds
jk : G → C | T s ∈ Ĝ, 1 6 j, k 6 ds}

generate an orthonormal basis in the Hilbert G-space L2(G),
and therefore L2(G) is identi�ed in natural manner with the direct sum

⊕∞
s=1W

s of
their �nite-dimensional linear subspaces W s := L {Ds

jk | 1 6 j, k 6 ds}, the linear
hull of matrix coe�cients of the representation T s . We note that the space of each
irreducible unitary representation occurs in the factorization of L2(G) with �nite
multiplicity � the circumstance which essentially complicates the investigation of
the question (in comparison with the case if they occur with countable multiplicity).

Since Ds
ij(xg) =

∑
kD

s
ik(x) ·Ds

kj(g), W s is a linear G-subspace of L2(G). Hence
the natural projection prn of the G-space L2(G) =

⊕∞
s=1W

s onto
⊕n

s=1W
s com-

mutes with the group action that in turn implies the embedding Gϕ < Gϕn of the
stabilizers of the elements ϕ ∈ L2(G) and ϕn = prn(ϕ). From here and from the
existence of a neighbourhood for the function ϕ such that its every element has the
stabilizer conjugated with some subgroup of the group Gϕ (Mostow's theorem [8,
�5, ãë. 2]), it follows that

(3.2) the stabilizer Gϕ coincides with the stabilizer Gϕn for almost all n.
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De�nition 3.1. We say that a G-subset Y of the G-spaces X is G-dense if for
each closed subgroup H < G the set of H -�xed points YH is dense in XH .

It is easy to show that the G-denseness of Y⊂X is equivalent to the fact that each
G-map ϕ : G/H→X is arbitrarily closely approximated by G-maps ϕ′ : G/H → Y
for every closed subgroup H <G.

By the approximate Peter-Weyl and Weyl theorems the linear G-subspace W∞ :=⋃{⊕n
s=1W

s | 1 6 n 6∞} lies in C(G;C) and represents a dense subspace both in
C(G;C) and in L2(G). Let us show that more precise result takes place.

Proposition 3.2. The space W∞ is a G-dense subset both in C(G;C) and in
L2(G).

The proof of Proposition 3.2 is based on the fact that
(3.3) the embeddings (C(G;C))H ↪→ (L2(G))H and (W∞)H ↪→ (C(G;C))H are

dense for each subgroup H < G.
The density of the �rst embedding easily follows from that of the embedding

C(G;C) ↪→ L2(G) with the help of invariant integration over H . A slightly more
precise analysis of the proof of the approximate Weyl theorem (for instance, given
in [13]) shows the density of the second embedding.

We consider the integral operator K : L2(G) → L2(G), generated by a sym-
metric continuous kernel k : G × G → C , k(x, y) = k(y, x), namely (K(ϕ))(x) =∫
G
k(x, y)ϕ(y) ∂µ(y) where µ is the invariant Haar measure on G. It is known that

K(L2(G)) ⊂ C(G;C) and the operator K is a continuous map from L2(G) into
the Banach space C(G;C). Besides K is a selfadjoint compact operator and by
the Hilbert-Schmidt theorem there exists an orthonormal system {ϕ1, ϕ2, ϕ3, . . . } ⊂
C(G;C) consisting of eigenvectors of the operator K which have the nonzero real
eigenvalues ci such that

(3.4) if K(θ) = cθ, θ ∈ L2(G), for a nonzero real eigenvalue c, then c coincides
with ci0 for some i0 , and θ belongs to the linear hull of the system {ϕi}.

It is known that each orthonormal system {ϕi} ⊂ C(G;C) with the condition
(3.4) satis�es also the properties (3.5) and (3.6):

(3.5) the linear subspace Vc := L {ϕi : |ci| > c} is �nite-dimensional for each
c > 0;

(3.6) given a function f ∈ L2(G), the continuous function K(f) is expanded into
the uniformly and absolutely convergent series

∑{(ϕi,K(f)) · ϕi | i > 1}.
Let h : G→ R be a continuous function with the property h(x) = h(x−1) and let

us consider the integral operator K = Kh : L2(G) → C(G;C) ⊂ L2(G) generated
by the kernel k(x, y) = h(xy−1) (that is, K(ϕ) = h ∗ ϕ � the convolution of h and
ϕ). It is known that in this case

(3.7) the operator K commutes with the group action: K ◦Rg = Rg ◦K , g ∈ G
(see [8, Chapter 0, 4.1.]);

(3.8) K(W s) ⊂W s for each s > 1 (see [13, Chapter 7, Theorem 3]).
Proposition 3.3. Let h : G → R, h(x) = h(x−1), be a continuous function on

G. Then there exists an orthonormal system {ϕi} ⊂ C(G;C) of eigenvectors of
K = Kh satisfying the condition (3.4) such that ϕi ∈Wni for each i > 1, where the
sequence n1 6 n2 6 n3 6 · · · tends to in�nity.
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Proof. In view of the fact that the operator K is selfadjoint and K(W s) ⊂W s ,
s > 1, there exists a maximal orthonormal system Ss in the �nite-dimensional space
W s consisting of eigenvectors of K with nonzero eigenvalues.

Let us show that the orthonormal system {ϕ1, ϕ2, ϕ3, . . . } formed from all systems
Ss satis�es the condition (3.4). To this end, we expand the vector θ from (3.4) into
the series

∑{χs | 1 6 s < ∞} where χs ∈ W s . Since K(θ) = λθ for λ > 0, we
infer that K(θ) =

∑{K(χs) | 1 6 s < ∞} coincides with λθ =
∑{λχs | 1 6 s <

∞}. Since K(χs) ∈ W s , the equality λχs = K(χs) is true for each s. Hence the
eigenvector χs ∈W s belongs to the linear hull of the system Ss , and θ belongs that
of the system {ϕi}. �

�4. Theorem on Con�nality
Theorem 4.1. If H is a proper subgroup of the group G, then for each n > 1

there exists an element ψ ∈⊕m
s=nW

s , where m > n, for which Gψ = H .
Proof. In view of the fact that the exponential map exp: Te → G establishes a

di�eomorphism of a neighbourhood of the zero vector of the tangent space onto a
neighbourhood of the unit in G, there exists a neighbourhood U (H) of the subgroup
H < G such that the family {K < G | H ⊂ K ⊂ U (H)} of subgroups consists
only of H . Now we choose a connected and symmetric neighbourhood U of the unit
e ∈ G such that [U ·H]4 ⊂ U (H).

If we denote by p : G → G/H , p(g) = Hg , the H -orbit projection generated by
the left regular action and consider the action (Rgf)(Hx) = f(Hxg) on the space
of continuous functions C(G/H;C), then it can be seen that C(G/H;C) naturally
lies in the G-space C(G;C):

a function f : G/H → C should be identi�ed with f ◦ p : G→ C .
It is clear that C(G/H;C) ⊂ C(G;C) is a G-subspace consisting of H -left-invariant
functions. We denote by H the space of all real continuous H -left-invariant func-
tions h : G→ R such that
h(g) = h(g−1) for all g ∈ G and the support supph is contained in H · U ·H.

It is clear that this function is two-sided H -invariant: h(xgy) = h(g) for all x, y ∈ H .
Lemma 4.2. H is an in�nite-dimensional linear space.
Proof. On the space of double cosets K = {HgH | g ∈ G} we consider the

continuous involution σ : K → K , σ(HgH) = Hg−1H , and also the quotient space
K/σ generated by σ and the continuous open projection π : K → K/σ . Since H
is a proper subgroup of the linearly connected group G, K/σ is a nontrivial linearly
connected compactum.

It is clear that U := {HgH | g ∈ U} is an open subspace of K which is invariant
with respect to the involution. Thereby, U/σ ⊂ K/σ is a nontrivial open subset of
the connected compactum K/σ . As it can be easily seen, H is naturally identi�ed
with the linear space of all continuous functions on the compactum K/σ the support
of which is contained in U/σ . This implies the in�nite-dimensionality of H . �

We continue the proof of Theorem 4.1. The invariant Haar measure ν on H
generates the map pH : C(G;C)→ C(G;C), [pH(f)](x) =

∫
H
f(h−1x) ∂ν(h). Since

the action of the group H on G by left translations commutes with an action of the
group G on G by right translations, pH is a G-map; since the function pH(f) is
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left H -invariant, pH(C(G;C)) ⊂ C(G/H;C). We note also that the following fact
is true:

Lemma 4.3. (pH(f) − f, θ) = 0 for each functions f ∈ C(G;C) and θ ∈
C(G/H;C), where ( · , · ) is the scalar product on C(G;C) ⊂ L2(G).

Hence the linear G-map pH : C(G;C)→ C(G/H;C) is an orthogonal projection.
Then the so-called theorem of three perpendiculars is true:

(4.1) f1 ∈ C(G;C) is orthogonal to f ∈ C(G/H;C) if and only if pH(f1) is
orthogonal to f .

Let L :=
⊕n−1

s=1 W
s ⊂ C(G;C) and W := pH(L) ⊂ C(G/H;C) be linear G-

subspaces, π : C(G/H;C)→W an orthogonal projection onto W . By the property
(4.1) we have:

(4.2) a nonzero element ϕ = pH(ϕ) ∈ C(G/H;C) is orthogonal to W if and only
if it is orthogonal to L.

If the intersection of the subspace π−1(0) = W⊥ and the space H ⊂ C(G/H;R1)
from Lemma 4.2 consists of the zero vector, then H will be isomorphic to a subspace
of the �nite-dimensional space W , that is, dim H < ∞. Since this contradicts to
Lemma 4.2,

(4.3) there exists a nonzero element ϕ = pH(ϕ) from H which is orthogonal
to W := pH(L) and which is by the property (4.2) orthogonal to L =⊕n−1

s=1 W
s .

Now we consider the kernel k(x, y) = ϕ(x · y−1) generated by ϕ ∈ H , and
the corresponding integral operator K = Kϕ : L2(G) → C(G;C) ⊂ L2(G). By the
properties (3.7) and (3.8) the operator K commutes with the right group action,
and the subspace W s is invariant with respect to K for each s > 1.

Let ψ := K(ϕ) = ϕ∗ϕ, where ϕ ∈H is taken from (4.3). Since the operator K is
equivariant and ϕ is a two-sided H -invariant function, Gψ ⊃ H . In view of the fact
that the support of ϕ is contained in U ·H , we have the inclusion suppψ ⊂ [U ·H]2 .

Since ϕ is an H -left invariant function and ϕ(g) = ϕ(g−1), we conclude that

ψ(e) =
∫

G

ϕ(y−1)ϕ(y) ∂µ(y) =
∫

G

ϕ2(y) ∂µ(y) 6= 0.

Hence the support suppψ of the nonzero function ψ is contained in [U · H]2 that
easily implies Gψ ⊂ [U ·H]4 . Since H ⊂ Gψ ⊂ [U ·H]4 , the stabilizer Gψ coincides
with H by the choice of the neighbourhood U .

Because the operator K is selfadjoint and K(
⊕n−1

s=1 W
s) ⊂⊕n−1

s=1 W
s , we have

(ψ, χ) = (K(ϕ), χ) = (ϕ,K(χ)) = 0 for allχ ∈
n−1⊕
s=1

W s,

that is, ψ is orthogonal to
⊕n−1

s=1 W
s . For this reason, ψ = K(ϕ) ∈⊕∞s=nW s .

The application of the following fact completes the proof of Theorem 4.1. �
Proposition 4.4. For each ε > 0 there exists an element ψ′ ∈ ⊕m

s=nW
s such

that ‖ψ − ψ′‖ = sup{|ψ(x)− ψ′(x)| : x ∈ G} < ε and Gψ′ = Gψ = H .
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Proof. We take an orthonormal system {ϕ1, ϕ2, ϕ3, . . . } ⊂ C(G;C) of eigenvec-
tors of the operator K = Kϕ from Proposition 3.3. By the property (3.6) we have
the uniform convergence

Pc(ψ) :=
∑
{(ψ,ϕi) · ϕi | ϕi ∈ Lc}⇒ ψ = K(ϕ) as c→ 0,

where Lc is the linear hull L {ϕi : |ci| > c}. By the property (3.2) we can consider
that Gψ = GPc(ψ) for su�ciently small values c > 0. The proof of the proposition
is completed by using the remarks that dimLc <∞, and the nonzero summands in
Pc(ψ) are orthogonal to

⊕n−1
s=1 W

s and, in view of Proposition 3.3, they lie in Wni

for some ni > n. �

�5. The proof of Theorem 1.3
Since the Banach G-space L is an Equiv-AE-space (see the property (2.1)), we

can make use of Theorem 2.2 and reduce in obvious manner the proof of Theorem
1.3 to the following result.

Theorem 5.1. If the Banach G-space L has Isov-dense and simultaneously stable
subset A, then for each G-spaces X and for each ε > 0 the set Isovε(X,L) of
all ε-isovariant maps is a dense subset in Equiv(X,L) endowed with the ¾source
limitation¿-topology.

Proof. Let f : X → L be an arbitrary G-map, δ(x) a continuous function and
ε > 0. We need to show that there exists an ε-isovariant map f̃ : X → L which
δ-approximates f .

We �rst make several remarks. Without loss of generality we can assume that an
invariant metric is given on X (see [1]). The de�nition of Isov-dense subset from the
introduction admits an equivalent reformulation:

(5.1) A ⊂ L is Isov-dense if and only if for each subgroup H < G the subset AH
is dense in LH .

This is easy to see if we make use of the fact that each G-map ϕ : G/H → L has
the form ϕ(gH) = g · l for some element l ∈ LH .

We need also the well-known slice theorem (see [8]) asserting that each orbit
G(x) = {g · x | g ∈ G} ⊂ X is a G-retract of some its neighbourhood U (that is,
there exists a G-map of the neighbourhood U onto the orbit which is identical on
the orbit). With its help we easily construct

• the family of points {xλ | λ ∈ Λ} ⊂ X which is equinumerous to the weight
of the space X, and the family {rλ : Uλ → G(xλ) | λ ∈ Λ} of G-retractions
for some locally �nite open G-cover {Uλ | λ ∈ Λ} ∈ covX (that is, the
cover consisting of open G-subsets) such that

(5.2) diam({xλ} ∪ Sλ) < ε for each λ, where Sλ := r−1
λ (xλ).

Since the embedding AH ↪→ LH is dense for each subgroup H < G, there exist
a family {aλ | λ ∈ Λ} ⊂ A of points and a family {hλ : G(xλ) → G(aλ) | λ ∈ Λ} of
equimorphisms such that

(5.3) hλ(xλ) = aλ (and therefore the stabilizers Gaλ and Gxλ coincide), and
also the distance dist(fλ(x), f(x)) is less than δ(x) for each x ∈ Uλ , where
fλ = hλ ◦ rλ : Uλ → G(aλ).
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Since our reasoning is easily reduced to the case when the G-space X has the weight
equal to the weight of L, we can additionally suppose that

(5.4) each orbit of the space L contains at most one point aλ .
Let {ϕλ : X→ R} be a partition of unity consisting of G-functions and subordinated
to the G-cover {Uλ}. Then the desired G-map f̃ : X → L, δ-approximating f , is
given by the formular

f̃(x) = Σ{ϕλ(x) · fλ(x) | λ ∈ Λ andx ∈ Uλ}.
Let us show that f̃ is an ε-isovariant map. Since fλ(x)

= gλ · aλ for some gλ ∈ G, we have f̃(x) = Σ{ϕλ(x) · ãλ | λ ∈ Λ, x ∈ Uλ},
where ãλ := gλ · aλ . Since the G-subset A ⊂ L is stable, Gf̃(x) < Gãλ′ for some
index λ′ ∈ Λ, x ∈ Uλ′ . From here and from the condition (5.3) it follows that
Gãλ = Gx̃λ for x̃λ := gλ · xλ , and, thereby, Gf̃(x) < Gãλ′ = Gx̃λ′ .

Since the metric on X is invariant, it follows from the equality fλ(x) = gλ · aλ ,
x ∈ Uλ , that
x ∈ gλ · f−1

λ (aλ) = gλ · Sλ and diam({xλ} ∪ Sλ) = diam({x̃λ} ∪ gλ · Sλ) < ε.

Thus, dist(x, x̃λ′) < ε, and the ε-isovariantness of f̃ is established. �

�6. The proof of Theorem 1.4
We �rst note that Theorem 4.1 easily implies the following fact:
(6.1) the embedding (W∞)H ↪→ (W∞)H is dense for each subgroup H < G.
From here and from Proposition 3.2 it follows that
(6.2) the embeddings (W∞)H ⊂ (C(G;C))H and (W∞)H ⊂ (L2(G))H are dense

for each subgroup H < G,
and thus, by the property (5.1)

(6.3) the embeddings W∞ ⊂ C(G;C) and W∞ ⊂ L2(G) are Isov-dense
Hence it follows that for the proof of Theorem 1.4 it is su�cient to �nd an Isov-

dense and simultaneously stable G-subset lying in W∞ =
⋃{⊕n

s=1W
s | 1 6 n 6

∞}.
Now we directly proceed to the proof of Theorem 1.4. Let us denote by |x| the

norm of an element x ∈ L. Since L is separable and the set of conjugacy classes
of closed subgroups of G is countable (see [14]), it is possible to choose a subset
B ⊂ W∞ consisting of countable number of orbits such that BH is a dense subset
of (W∞)H for each subgroup H < G. From the property (6.2) it follows that BH is
dense both in (L2(G))H and in (C(G;C))H for each subgroup H < G, that is, B is
a Isov-dense subset of L2(G) and C(G;C).

Let for the sake of de�niteness

B = G(b1) tG(b2) t . . . , where bi ∈
mi⊕
s=1

W s, m1 < m2 < . . . .

By Theorem 4.1 for each i there exists an element

ci ∈
qi⊕
s=pi

W s, where mi < pi < qi , such that Gci = Gbi and |ci| < 2−i .
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Consecutively constructing the elements ci we can additionally achieve that
(6.4) pi+1 > qi for each i > 1.
We take the union of the orbits A = G(a1) ∪ G(a2) ∪ . . . , where ai := bi + ci ∈⊕qi
s=1W

s , as a stable and Isov-dense subset. It is easy to see that the Isov-density
of A follows from the Isov-density of B, and also from the fact that |ci| < 2−i and

(6.5) Gai = Gbi ∩Gci .
For the veri�cation of stability of A let us take a convex combination

a =
∑

16k6d
µk(gk · aik), i1 < · · · < id,

of the points gk ·aik , in which all µk > 0 and the set {gk ·aik | 1 6 k 6 d} intersects
each orbit in at most one point. In order to check Ga < Ggd·aid , we take g ∈ Ga .
Since by (6.4) we have pid > qid−1 > pid−1 > qid−2 > . . . , the equality ga = a implies
g · (gd · cid) = gd · cid . Thereby g belongs to the stabilizer Ggd·cid , which coincides
with Ggd·bid . Therefore by the property (6.5)

g ∈ Ggd·cid ∩Ggd·bid = Ggd·aid ,

and thus Ga < Ggd·aid , that completes the proof of Theorem 1.4.
In the conclusion of this section we give an interesting question the answer on

which is so far unknown: is there an Isov-dense and simultaneously stable G-subset
A ⊂ L2(G) of the second category?
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