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¼ØÝáÚ

1. ½Ð ßÛÞáÚÞáâØ ×ÐÔÐÝÞ n ≥ 3 àÐ×ÛØçÝëå âÞçÕÚ ÞÑéÕÓÞ ßÞÛÞÖÕÝØï (ÝØÚÐÚØÕ âàØ
ÝÕ ÛÕÖÐâ ÝÐ ÞÔÝÞÙ ßàïÜÞÙ). ´ÞÚÐ×Ðâì, çâÞ áãéÕáâÒãÕâ ßàÞáâÐï ×ÐÜÚÝãâÐï ÛÞÜÐÝÐï á
ÒÕàèØÝÐÜØ Ò íâØå âÞçÚÐå.

ÀµÈµ½¸µ. ¾ÑÞ×ÝÐçØÜ P1, P2, . . . , Pn ×ÐÔÐÝÝëÕ âÞçÚØ Ø ßãáâì ÒáÕ âÞçÚØ ÛÕÖÐâ ßÞ
ÞÔÝã áâÞàÞÝã Þâ ßàïÜÞÙ (P1P2) (âÐÚÐï ßàïÜÐï ÒáÕÓÔÐ áãéÕáâÒãÕâ). ¾ÑÞ×ÝÐçØÜ αi ãÓÞÛ
ÜÕÖÔã ßàïÜëÜØ (P1P2) Ø (P1Pi), i ≥ 3 Ø ãßÞàïÔÞçØÜ Øå ßÞ ÒÞ×àÐáâÐÝØî 0 < αi3 <
< αi4 < . . . < αin < π. »ÞÜÐÝÐï P1P2Pi3 . . . PinP1 � ØáÚÞÜÐï.

2. ·ÐÔÐÝ æØÚÛØçÕáÚØÙ ÞßàÕÔÕÛØâÕÛì

D =

∣∣∣∣∣∣∣∣∣∣
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, ai ∈ C.

Ð) ´ÞÚÐ×Ðâì, çâÞ ÜÝÞÓÞçÛÕÝ D(a1, a2, . . . , an) ÔÕÛØâáï ÝÐ a1 +a2ε+ . . .+anεn−1, εn = 1;
Ñ) ÒëçØáÛØâì D, ÕáÛØ ak = k.

ÀµÈµ½¸µ. Ð)

D =

∣∣∣∣∣∣∣∣∣∣

a1 + a2ε + . . . + anε
n−1 a2 . . . an

an + a1ε + . . . + an−1ε
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²áÕ çÛÕÝë ßÕàÒÞÓÞ áâÞÛÑæÐ ßàÞßÞàæØÞÝÐÛìÝë, â.Ú. εn = 1 Ø ÚÐÖÔëÙ íÛÕÜÕÝâ ßÞÛãçÐ-
Õâáï Ø× ßàÕÔëÔãéÕÓÞ ãÜÝÞÖÕÝØÕÜ ÝÐ ε.

¿ÞíâÞÜã D ÔÕÛØâáï ÝÐ a1 + a2ε + . . . + anε
n−1 ⇒ D =

n−1∏
k=0

(a1 + a2εk + . . . + anεn−1
k ).

Ñ) D =
n−1∏
k=0

(1 + 2εk + . . . + nεn−1
k ), 1 + 2ε + . . . + nεn−1 = (1 + ε + . . . + εn)′ =

=

(
εn+1 − 1

ε− 1

)′
=

nεn+1 − (n + 1)εn + 1

(ε− 1)2
⇒ 1 + 2εk + . . . + nεn−1

k =
n

εk − 1
, εk 6= 1.

D = (1 + 2 + . . . + n)
n−1∏
k=1

n

εk − 1
=

nn(n + 1)

2
· 1
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k=1

(εk − 1)

. ÇØáÛÐ εk − 1 Õáâì ÚÞàÝØ

ÜÝÞÓÞçÛÕÝÐ (v+1)n−1 = v(vn−1+ . . .+n) ⇒
n−1∏
k=1

(εk−1) = (−1)n−1 ·n. ÁÛÕÔÞÒÐâÕÛìÝÞ,

D = (−1)n−1nn−1(n + 1)
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3. ´ÞÚÐ×Ðâì, çâÞ ãàÐÒÝÕÝØÕ ÞâÝÞáØâÕÛìÝÞ äãÝÚæØØ u

u(x) = 1 + λ

1∫

x

u(y) · u(y − x)dy

ßàØ λ >
1

2
ÝÕ ØÜÕÕâ ÔÕÙáâÒØâÕÛìÝëå àÕèÕÝØÙ, ×ÐÔÐÝÝëå ÝÐ ÞâàÕ×ÚÕ [0;1].

ÀµÈµ½¸µ. ¿ãáâì u � ÔÕÙáâÒØâÕÛìÝÞÕ àÕèÕÝØÕ ãàÐÒÝÕÝØï ÝÐ [0;1].
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, â.Õ. λ
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−2
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+2 = 0 ⇒ 1− 2λ ≥ 0, λ ≤ 1
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4. ¿ãáâì R � ÝÕÚÞâÞàÞÕ ÚÞÛìæÞ, ßàØçÕÜ ÜÝÞÖÕáâÒÞ DL(R) ÒáÕå ÛÕÒëå ÔÕÛØâÕÛÕÙ
ÝãÛï áÞÔÕàÖØâ ÝÕÝãÛÕÒëÕ íÛÕÜÕÝâë Ø ÚÞÝÕçÝÞ. ´ÞÚÐ×Ðâì, çâÞ âÞÓÔÐ Ø ÒáÕ ÚÞÛìæÞ R
âÞÖÕ ÚÞÝÕçÝÞ. (ÍÛÕÜÕÝâ b ÝÐ×ëÒÐÕâáï ÛÕÒëÜ ÔÕÛØâÕÛÕÜ ÝãÛï, ÕáÛØ ÔÛï ÝÕÚÞâÞàÞÓÞ a ∈
R, a 6= 0 áßàÐÒÕÔÛØÒÞ àÐÒÕÝáâÒÞ ba = 0).

ÀµÈµ½¸µ. ²ëÑÕàÕÜ b ∈ DL(R) \ {0} Ø àÐááÜÞâàØÜ ÐÔÔØâØÒÝãî ßÞÔÓàãßßã Rb
Óàãßßë R. ¾âÞÑàÐÖÕÝØÕ ϕb : R → Rb, r 7→ rb ïÒÛïÕâáï íßØÜÞàäØ×ÜÞÜ (áîàêÕÚ-
âØÒÝëÜ ÓÞÜÞÜÞàäØ×ÜÞÜ). Kerϕb = {x ∈ R, |xb = 0}. ¿Þ âÕÞàÕÜÕ Þ ÓÞÜÞÜÞàäØ×ÜÕ
R/Kerϕb

∼= Rb. Â.Ú. Kerϕb ⊂ DL(R), âÞ |Kerϕb| < ∞. Á ÔàãÓÞÙ áâÞàÞÝë, ØÜÕÕÜ ÒÚÛî-
çÕÝØÕ Rb ⊂ DL(R) Ø, ×ÝÐçØâ, |Rb| < ∞. ¿ÞíâÞÜã |R| = |Rb| · |Kerϕb| < ∞.

5. ¿ãáâì ßàÞØ×ÒÕÔÕÝØÕ
∞∏

n=1

(1 + tan), an ∈ R áåÞÔØâáï åÞâï Ñë ÔÛï ÔÒãå ÝÕÝãÛÕÒëå

ÒÕéÕáâÒÕÝÝëå t. ´ÞÚÐ×Ðâì, çâÞ àïÔë
∞∑

k=1

ak Ø
∞∑

k=1

a2
k áåÞÔïâáï.

ÀµÈµ½¸µ. ¿ãáâì ßàÞØ×ÒÕÔÕÝØÕ áåÞÔØâáï ßàØ t = α Ø t = β. ÂÞÓÔÐ áåÞÔïâáï àïÔë
∑

ln(1 + αan) Ø
∑

ln(1 + βan). ln(1 + tan) = tan − t2a2
n

(
1

2
+ 0(1)

)
⇒

⇒ α ln(1 + βan) − β ln(1 + an) = a2
n

(
βα(α− β)

2
+ 0(1)

)
⇒ ∑

a2
n áåÞÔØâáï, Ø â.Ú.

∑
ln(1 + αan) áåÞÔØâáï, âÞ

∑
an áåÞÔØâáï.

6. ½ÐÙâØ lim

√
1 + 2

√
1 + 3

√
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√
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√
1 + . . ..

ÀµÈµ½¸µ. ÀÐááÜÞâàØÜ äãÝÚæØî f(x) =

√
1 + x

√
1 + (x + 1)

√
1 + (x + 2)

√
1 + . . ..

¾ÝÐ ãÔÞÒÛÕâÒÞàïÕâ äãÝÚæØÞÝÐÛìÝÞÜã ãàÐÒÝÕÝØî f 2(x) = 1+xf(x+1). ¾ÔÝÞ àÕèÕÝØÕ
íâÞÓÞ ãàÐÒÝÕÝØï ãáÜÐâàØÒÐÕâáï ÝÕßÞáàÕÔáâÒÕÝÝÞ f(x) = x+1. ¾ÚÐ×ëÒÐÕâáï, çâÞ íâÞ �
ÕÔØÝáâÒÕÝÝÞÕ àÕèÕÝØÕ. ¸ÔÕï ÔÞÚÐ×ÐâÕÛìáâÒÐ áÞáâÞØâ Ò ßÞáâàÞÕÝØØ ÒáÕ ÑÞÛÕÕ âÞçÝëå
ÐßßàÞÚáØÜÐæØÙ ÒØÔÐ αn(x + 1) ≤ f(x) ≤ βn(x + 1), Ò ÚÞâÞàëå limαn = limβn = 1. ´Ûï
íâÞÓÞ ßàÞØ×ÒÕÔÕÜ ÞæÕÝÚã áÝØ×ã:
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x
√
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4
+... = x ≤ f(x), ÞâÚãÔÐ
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1

2
(x + 1) ≤ f(x) (ÔÛï x ≥ 1). ¾æÕÝØÜ f(x) áÒÕàåã:

f(x) ≤
√
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√
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√
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√
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√
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√
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|x=1=
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x
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)k)′
|x=1 =

(
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2− x

)′
|x=1 = 2/. ¸âÐÚ,

1

2
(x + 1) ≤ f(x) ≤ 2(x + 1). ´ÐÛÕÕ, 1

2
(x + 2) ≤ f(x + 1) ≤ 2(x + 2). ¿ÞáÚÞÛì-

Úã f 2(x) = 1 + xf(x + 1), ÔÛï f 2(x) ßÞÛãçØÜ 1

2
(x + 2)x + 1 ≤ f 2(x) ≤ 2(x + 2)x + 1 ⇒

⇒
√

1

2
(x + 1) ≤ f(x) ≤ √

2(x + 1). ¿ÞÒâÞàïï íâØ àÐááãÖÔÕÝØï k àÐ×, ßÞÛãçØÜ

2k

√
1

2
(x+1) ≤ f(x) ≤ 2k√

2(x+1). ¿ÕàÕåÞÔï Ú ßàÕÔÕÛã, ÝÐåÞÔØÜ f(x) = x+1. ¾âáîÔÐ,
ØáÚÞÜëÙ ßàÕÔÕÛ àÐÒÕÝ f(2) = 3.
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