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1. Íàéòè ñóììó ðÿäà
+∞∑
k=1

k3 + 6k2 + 11k + 5

(k + 3)!
.

2. Ñêîëüêî ñóùåñòâóåò íåâûðîæäåííûõ ìàòðèö

(
a b
c d

)
, ãäå a, b, c, d ∈ {1, 2, . . . , 10}?

3. Ñóùåñòâóåò ëè äèôôåðåíöèðóåìàÿ ôóíêöèÿ f : [0, 3]→ R òàêàÿ, ÷òî f(0) = 0 è

f ′(x) = f(x)2 + x2?

4. Ïóñòü G � êîíå÷íàÿ ãðóïïà íåâûðîæäåííûõ ìàòðèö â Mn(C) îòíîñèòåëüíî óìíîæå-
íèÿ. Äîêàæèòå, ÷òî äëÿ êàæäîãî ïðåîáðàçîâàíèÿ A ∈ G íàéä¼òñÿ áàçèñ â Cn, ñîñòîÿùèé èç
ñîáñòâåííûõ âåêòîðîâ A.

5. Ïóñòü áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà (−∞,+∞) òàêîâà, ÷òî:
1) f(1/n) = 0 äëÿ âñåõ n ∈ N;
2) ñóùåñòâóåò L > 0 òàêàÿ, ÷òî |f (k)(x)| ≤ L äëÿ âñåõ k ∈ N è âñåõ x ∈ R.
Ñëåäóåò ëè îòñþäà, ÷òî f(x) ≡ 0 ?

6. Íà îêðóæíîñòè íàóäà÷ó è íåçàâèñèìî äðóã îò äðóãà âûáèðàþòñÿ 6 òî÷åê. Òðè ïåðâûõ
îáúÿâëÿþòñÿ êðàñíûìè, òðè îñòàâøèåñÿ � ñèíèìè.

Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ¾êðàñíûé¿ òðåóãîëüíèê íå ïåðåñåêàåòñÿ ñ ¾ñèíèì¿?

Âðåìÿ íàïèñàíèÿ 4 àñòðîíîìè÷åñêèõ ÷àñà.
×åðíîâèêè ñëåäóåò ïîìåòèòü ñëîâîì ÷åðíîâèê.
Ðåøåíèÿ ðàçíûõ çàäà÷ ñëåäóåò ñäàâàòü íà îòäåëüíûõ ëèñòàõ ñ óêàçàíèåì íîìåðà çàäà÷è.



Ðåøåíèÿ

1.

+∞∑
k=1

k3 + 6k2 + 11k + 5

(k + 3)!
=

+∞∑
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(k + 1)(k + 2)(k + 3)− 1
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=
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k=1

1

k!
−

+∞∑
k=1

1

(k + 3)!
=

1
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+
1

2!
+
1

3!
=
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3
.

2. Âñåãî ñóùåñòâóåò n4 ìàòðèö ñ ýëåìåíòàìè èç {1, 2, . . . , n}.
Ïîäñ÷èòàåì êîëè÷åñòâî âûðîæäåííûõ ìàòðèö. Êàæäàÿ âûðîæäåííàÿ ìàòðèöà ñîîòâåò-

ñòâóåò äâóì êîëëèíåàðíûé âåêòîð-ñòðîêàì (a, b) è (c, d), à çíà÷èò ôèêñèðóåò íåêèé ëó÷ ïðî-
õîäÿùèé ÷åðåç íà÷àëî êîîðäèíàò. Ïóñòü (i, j) � ïàðà ÷èñåë èç {1, 2, . . . , n}, ëåæàùåì íà äàííîì
ëó÷å, k = max{i, j}. Íà ëó÷å ëåæèò ðîâíî [n/k] òî÷åê (a, b), ãäå a, b ∈ {1, 2, ..., n}. Ñîîòâåò-
ñòâåííî, ñóùåñòâóåò [n/k]2 ïàð ((a, b), (c, d)), îáðàçóþùèõ âûðîæäåííóþ ìàòðèöó.

Âîçìîæíû ñëó÷àè i < j = k, i = j = k, j < i = k. Äëÿ ôèêñèðîâàííîãî j = k ∈ {2, ..., n}
ñóùåñòâóåò ðîâíî ϕ(k) ÷èñåë i, 1 ≤ i < k, âçàèìíî ïðîñòûõ ñ k. Ëó÷åé, ñâÿçàííûõ ñ ïàðîé
(i, k) òàêæå ðîâíî ϕ(k). Ñëó÷àé j < i = k ðàññìàòðèâàåòñÿ òî÷íî òàê æå. Ñëó÷àé i = j = k
ñîîòâåòñòâóåò îäíîìó ëó÷ó ñ n òî÷êàìè íà í¼ì.

Òàêèì îáðàçîì, âûðîæäåííûõ ìàòðèö ñóùåñòâóåò ðîâíî n2 + 2
∑n

k=2 ϕ(k)[n/k]
2, Â ñëó÷àå

n = 10 ýòî 102+2(ϕ(2)·[10/2]2+ϕ(3)·[10/3]2+4·[10/4]2+ϕ(5)·[10/5]2+ϕ(6)·[10/6]2+7·[10/7]2+
ϕ(8) · [10/8]2+ϕ(9) · [10/9]2+10 · [10/10]2) = 100+2(1 ·25+2 ·9+2 ·4+4 ·4+2+6+4+6+4) = 278.

Îòâåò. 10000− 278 = 9722.

Ïîäðîáíåå ïðî ñâîéñòâà ôóíêöèè Ýéëåðà ϕ(k) ñì.

https://ru.wikipedia.org/wiki/Ôóíêöèÿ_Ýéëåðà

3. Äîïóñòèì òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Ïðè x ≥ 1 èìååì f(x) = f(x)2 + x2 ≥ f(x)2 + 1.
Ðàññìîòðèì íà îòðåçêå [1, 3] óðàâíåíèå

f ′∗(x) = f∗(x)
2 + 1, f∗(1) = f(1), ãäå f(1) ≥ 0.

Åãî ðåøåíèåì ÿâëÿåòñÿ f ′∗(x) = tg(x− 1 + arctgf(1)).
Âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) = f(1) +

∫ x

1

f ′(y)dy ≥ f(1) +

∫ x

0

f ′∗(y)dy = tg(x− 1 + arctgf(1)) ≥ tg(x− 1).

Íî ïîñëåäíÿÿ ôóíêöèÿ îáðàùàåòñÿ â áåñêîíå÷íîñòü ïðè x = 1 + π
2
< 3.

Îòâåò. Íåò.

4. Åñëè |G| = m, òî Am = Id, ò.å. A ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà Xm − 1. Ðàññìàòðèâàÿ
æîðäàíîâó íîðìàëüíóþ ôîðìó A, óáåæäàåìñÿ, ÷òî âñå æîðäàíîâû êëåòêè èìåþò ðàçìåðíîñòü
1, ò.å. ìàòðèöà A äèàãîíàëèçèðóåòñÿ â íåêîòîðîì áàçèñå, ÷òî è äà¼ò òðåáóåìîå.
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5. Äîêàæåì, ÷òî äëÿ ëþáîãî k ≥ 0 ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü (akn) òàêàÿ, ÷òî akn → 0
ïðè n→ +∞ è f (k)(akn) = 0 äëÿ âñåõ n ∈ N.

Ïðè k = 0 ýòî òàê ïî óñëîâèþ. Åñëè ýòî òàê äëÿ íåêîòîðîãî k, òî ïî òåîðåìå Ëàãðàíæà
ìåæäó akn è ak(n+1) íàéä¼òñÿ a(k+1)n, ãäå f

(k+1)(a(k+1)n) = 0.
Â ñèëó íåïðåðûâíîñòè ïðîèçâîäíûõ f (k)(x) èìååì f (k)(0) = 0 äëÿ âñåõ k ≥ 0.
Äëÿ ïðîèçâîëüíîãî x çàïèøåì ôîðìóëó Òåéëîðà â âèäå Ëàãðàíæà:

f(x) = f(0) +
f ′(0)

1!
x+ ...+

f (n−1)(0)

(n− 1)!
xn +

f (n)(θx)

n!
xn, θ ∈ (0, 1).

Ñëåäîâàòåëüíî,

|f(x)| ≤
∣∣∣∣f (n)(θx)

n!
xn
∣∣∣∣ ≤ Lxn

n!
äëÿ âñåõ n ≥ 0,

îòêóäà ñëåäóåò ðàâåíñòâî f(x) = 0. Òîæäåñòâåííîñòü íóëþ ñëåäóåò èç ïðîèçâîëüíîñòè x â
ðàññóæäåíèÿõ.

6. Ïîëîæåíèå êàæäîé òî÷êè ωi íà îêðóæíîñòè áóäåì îïèñûâàòü óãëîì â èíòåðâàëå [0, 2π).
Ìíîæåñòâî

D = {ω = (ω1, ω2, ...ω6) : ωi = ωj ïðè íåêîòîðûõ i 6= j} ⊂ [0, 2π)6

èìååò íóëåâîé îáú¼ì. Ïîýòîìó ñëó÷àé ñîâïàäåíèÿ òî÷åê ìîæíî èãíîðèðîâàòü.
Âñÿ îáëàñòü [0, 2π)6 \ D ðàñïàäàåòñÿ íà 6! ðàâíîîáú¼ìíûõ îáëàñòåé, êîòîðûå ïåðåõîäÿò

äðóã â äðóãà ïðè ïåðåñòàíîâêàõ êîîðäèíàò.
Êîîðäèíàòû âåêòîðà ñ óñëîâèåì ω1 < ω2 < ... < ω6 ìîæíî ïåðåñòàâèòü ñ ñîõðàíåíèåì

¾íåïåðåñåêàåìîñòè¿ òðåóãîëüíèêîâ ðîâíî 3! × 3! × 6 ñïîñîáàìè. Ýòî ïåðåñòàíîâêè ω1, ω2, ω3

ìåæäó ñîáîé, ïåðåñòàíîâêè ω4, ω5, ω6 ìåæäó ñîáîé, öèêëè÷åñêèå ïåðåñòàíîâêè, è èõ êîìïîçè-
öèè.

Îòâåò. 6× 3!× 3!/6! = 3/10.
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