PELLEHHS
Ipynna A

1. MsBecTHO, 4TO BCe KOPHH ypaBHeHust 23 + az? + bz + ¢ = 0,a,b,c € C, Jiexar Ha okpy»x-
HoctH |z| = 1. JIokasaTb, 4TO BCe KOPHH ypaBHeHHs1 22 + |alz? + |blz + |c| = 0 Takxe nexar Ha
OKpy:KHOCTH 2| = 1.

Pewenue. [Tycthb 21, 20, 23 — KOpHU ypaBHeHust 2> + az? + bz +c¢ = 0. Torna b = 2,2y +

1 1 1 _
2973 + 2321 = 212223 — + — + — | = —ca. TakKaK |c| = |z12223] = 1, 1o |a| = |b], 1 BTOpOE
Z1 Z9 Z3

ypaBHeHue npuHumaet Buj 2> + |alz? + |a|z + 1 = 0. Omun U3 KOpHEH 3TOro ypaBHeHUs PaBeH
—1, a 1Ba IpyruX SIBJASIIOTCS KOMIJIEKCHO COMPSTKEHHBIMU UMCJaMU, TPOU3BEIEHHE KOTOPBIX PABHO
1. CnemoBaTeIbHO, OHU TaKKe JIEzKAT HAa OKPYKHOCTH |z| = 1.

n
2. a) lokasars, uto cyliecTByeT MHOrOuIeH P takoit, uro [ P(x)dr = n* ps mo6oro HaTy-
n—1
paJibHOTo 7.

n
6) Haittu cymmy >° k4.
k=1
Pewenue. a) bynem nckaTb noJiMHOM UeTBEPTOM CTEMEHH, YIOBAETBOPSIOUIMH YCJIOBUIO 3a/1a-

un: P(z) = azt + bx® + cx® + dx + e. BbluncMB MHTErpas M NPUPABHSB KOS(MHUIKEHThI MPH
CTeNeHsIX n B 00eUX YacCTsX, MOJYYHM JIMHEHHYIO CUCTEMY OTHOCUTE/ILHO HEM3BECTHLIX a, b, c,d, e
C TPEYrOJIbHOW MaTPULICH:

1 0 0 0 0]1

-2 1 0 0 0/0

2 =32 1 0 0]0

-1 1 -1 1 0}0

1 1 1 1

5 —1 3 —3 1[0
Orciona naxoaum nosmiom P(z) = z* + 223 + 2% — 30

o, 1)(2n + 1)(3n2 + 3n—!
6) 3. k' = [ Pla)dz = 2(96n" + 15" + 1002 — 1) = n(n + 1) ”+3O)< nt3n7l)
k=1 0

3. [TocaenoBaresibHOCTh (a,,) 3alaHa peKyppeHTHO: a; — Hekotopoe uncso U3 (0;1), apy1 =

In(1 + a,),n > 1. Haiitu limn - a,.
1 1 _ 1,

Pewenue. SlcHo, uto x, | 0. Mmeem =
! Tpi1 In(1 + z,) xn(l — &+ o(xn)) Tn
1

1 1 1 1
— 4 0(1), um = — 4+ =+ Yy, T Yy, — 0 npu n — oo. OTCIOAA CIEIyeT, uTo =
2 Tnt1 Lp 2 Tnt1
1 n 1 1 1 + ...+ Y, + .t Y
—+—+y1+.. .+ Yn, :—+—+u. Tak kak y, — 0, Tou u—»(),
x 2 NTp+1 niy 2 n n
1
no3TOMy — —.
NTn41 2
4. Ilyctb eq,e69,...,6€, —OPTOHOPMUPOBaHHLIN 6a3uc B R" ay, as, ..., a, — BEKTOPbI €IMHHU-

HOW utnHbl. JlokasaTk, uto ecau (ai,er) + (az,e2) + ... + (an,e,) > y/n(n — 1), To BeKTOPDI
ai,as, ..., a, — JUHEHHO HE3ABUCUMBbIE,
Pewenue. [lycts a; = (a1, ..., a;). [Ipeanonoxxum, uto BEKTOpLL aq, . .., G, JUHEHHO 3a-
BucHMBL. Torna B MaTpuue (a;;) JIMHEHHO 3aBUCHMBI HE TOJIbKO CTPOKH, HO M CTOJIOLBL. [TosTomy
n
CYLLECTBYIOT UHCJIA (v, .. ., &, (MOXKHO CUMTATB, UTO aF + ... + a2 = 1) Takue, uto Y. aja;; =0
Jj=1
npu ¢ = 1,2,.... OTciona caenyet, 4to

o2 = (=Y ajay)’ < (D a) (D a) = (1—ad)(1 —ad).

J#i J#i J#i



T.e. aZ + a? < 1. CaenoBate/bHo,

5. [IBaxbl nudpdepenumpyemas ynkuus f : (0;+00) — R TakoBa, uto  sup |f(z)] < 1,
2€(0;400)
sup |f"(x)] < 1. Kakue 3Hauenust MoxeT npuuumats  sup | f/'(z)|?
z€(0;400) 2€(0;400)
Pewenue. [To dpopmysie Tefiopa ¢ octaTounbiM usieHoM B popme Jlarpanxka s jo6oro = €
(0, +00) uJoboro h > 0 umeem: f(x+2h) = f(z)+ f'(z)-2h+ f"(x+©O-2h)-2h* 0 < O < 1.

= f'(x) = %[f(m +2h) — f(x)] — f"(x + © - 2h) - h. OTcioza ¢ yueToM yCJIOBUSI MOJydaeM:

F@) s+

1
s Jio6oro h > 0. Tak Kak r}?ig(ﬁjth) = 2, 10 oTctoaa caenyet, uto |f(x)] < 2,0 < z < +oc.
>

[Tokaxem, uto  sup |f’(x)| MoxKeT MpUHUMATb 3HAUeHUs U3 oTpe3ka [0, 2].
z€(0,+00)
2

x
Paccmotpum dyukumio fi(z) =< 2 +2r—1npn(0 <z <2,

cos(z —2)npux > 2.
Jlerko Buzeth, uro ¢yHkums fi(z) muddepenunpyemMa Ha uHTepBase (0,-+o00), NpUUeM

, —r+2npu0 <z <2,
filz) = .
—sin(x — 2) npu z > 2.
Dynkumns fi(z) Takke mpdepenHumpyema Ha uuteppagie (0,400) u
"(g) = [—1npu0 <z <2,
—cos(z — 2) npuz > 2.
Mmeem: sup [fi(z)[ =1, sup [fi(z)[=1, sup [f"(z)]=2
z€(0,400) z€(0,400) 2€(0,400)
Oyukumsa f(x) = afi(z) (0 < a < 1) ynonerBopsieT ycsoBuio 3anaun, 1 sup | f'(z)| =
z€(0,400)

2a. CoieoBatenibHo, sup | f'(x)| MoXKeT MpUHMMATh Bee 3HaUeHus U3 orpeska [0, 2].
z€(0,400)

Ortser: [0, 2].
6. Ilycte G — KOHeuHOe MHOXKECTBO m X n matpull M;,i = 1,2,...,r, KOTOpoe sIBJsieTCs
T

T
rpynmnoi no ymHoxkenuto. [Ipennosnoxum, utro »_ trM; = 0. JlokazaTb, uto » . M; siBjsieTCsi Hy-
i=1 i=1
JIEBOU MaTpHLIEH.

,

Pewenune. Ilycts S = > M;. Jlas  Kaxkaoro j  10CJeI0BaTebHOCTD
MMy, M;M,, ..., M;M, saBisercs neéeéTaHOBKoﬁ sjemMeHToB  G. Cymmupysl, MnoJiyuaem
M;S = S. Cymmmupysi ocjieinue paBenctsa o j ot 1 go r nosyuaem S? = rS. Orciona BUIKM,
YTO MHHUMAaJIbHBIH OJMHOM S JIEJIUT o2 — 7z, W Kax10€e COOCTBEeHHO! 3Hauenrne S paBHO 0 HJIH
r. Ho cymma Bcex co6CTBEHHBIX 3HAUeHHi ¢ yueToM KpaTHocTd — 310 tr(S). [Tostomy tr(S) = 0,
1 Bce COOCTBEHHbIE 3HaUeHHs paBHbl 0.

Tenepb 3ameTnm, uto Kax10e CO6CTBEHHOE 3HAUEHHE MaTpULbl S —r] paBHO —r # 0, TO3TOMY
S —rl ob6patuma. M3 pasenctsa S(S — rl) = 0 noayuaem S = 0.

7. Jlokazarb, uto ajs mo6eix Matpul A, B € M,(C),n > 2, cnpaBeanBa otienka rank(AB)—

n
rank(BA) < {5] . MceaenoBath 10CTHKMMOCTD OLICHKH.



Pewenue. rank(AB)—rank(BA) < rank(AB) < rankA, rankB. B cuny nepaBenctBa CuJib-
Bectpa rank(BA) > —rankA + rankB — n. Torna rank(AB) — rank(BA) < rankB — rankA —
rankB +n =n — rankA < n — (rank(AB) — rank(BA)), Otkyzaa n cieayer TpeGyemast OLEHKa.

J10CTHKUMOCTD:

10 0 1
n=2 AZ(O 0)’32(0 o)’



PELUEHUSI.

[pynna b

1. Jokasarb, uto ypaBHenue " — a;x™ ' — ... — ap_1x —a, = 0,ay,as,...,a, > 0, umeer
POBHO OJIMH MOJIOXKUTEJIbHBI KOPEHb.

Pewenwue. [IpencraBum ypaBHeHue B Buje z" - g(z) = 0, rae g(z) =1 — L. a_; - .= a—z.
dyukuust g crporo Bospactaer Ha (0;+o00), hm g( ) = —o0, 1—1>I—|I—100 = L HomTeogeMe 0 npoﬁe—
KYTOUHBIX 3HaUEHMSIX cyllecTByeT zy € (0;+00),g(xo) = 0 (g HempepbiBHAsH YHKLUA) U X

€/IMHCTBEHHOE ( g CTPOrO MOHOTOHHAS (byHKLLHH).

2. Jlnist 3a/1laHHBIX KOMIIJIEKCHBIX UHCeNl @ U b BBIUUCJIUTD max laz? 4+ bz + al.
Pewenue. 3amerum, uto Tnla>1<|az +bz+al = r‘n|a>1<]az +b+az| = r‘n|a>1<|b — (—=2R(az2))|
z =
€CThb paccTosiiue oT ToukH b 10 MuoxkectBa F = {—2R(az) : |z| = 1}. Tlonaras a = |ale’?, z =
el(t € [0,27]), nonyuaem —2R(az) = —2|al cos(t + ¢), a MoToMy MHOXKeCTBO E ecTb 0Tpe3ok
[—2]al, 2|a|]. CnenoBaTesbHO, MCKOMBIF MAKCUMYM paBeH HaHGOJIbLIEMY H3 PACCTOSIHUI OT TOUYKH
b 110 KOHLIOB 3TOro oTpe3Ka T.e. max{|b — 2|all,|b + 2|al|}.

z+1 z+1
3. st & > 0 pacemorpum nnterpansl C, = [ cost*dt n S, = [ sint*dt. Jlokasatb, uto

1 T
/C2 4+ 52 < — nnsa Beex x > 0.

x
a4l o+ Jpit®
Pewenue. Pacemorpum I, = [ e dt. Torna VC2+ 52 = L, = [ 26'15 =
T T 1
R N SN 1/ 1 1 =dt\ 1
e e
— — . Otcrona |1, — 4+ = — | ==
D) 2 T2 ¢ g Orooma Ll s 2(x+1+x+{t2>

a) JlokaszaTh, uTO CyllecTByeT MHOrowieH Pj(xr) 4YeTBepTOil CTeNeHH TaKoH, uTo

n
[ Py(x)dz = n* nist mo6oro HaTypasbHOTO n.

n—1

n
6) Haiitu cymmy > k4.
k=1
Pewenue. a) Bynem uckath moiMHOM YETBEPTON CTENEHH, YAOBJIETBOPAIOLIMI YCJIOBHIO 3a/1a-
un: P(x) = ax? + bx® + cx? + dx + e. BbluucauB uHTErpas U NpupaBHsB KOIMDPULKEHTBI TTPH
CTEMEeHsAX 1 B 0OEHX uacTsIX, MOJYUHM JUHEAHYIO CHCTEMY OTHOCHTEILHO HEM3BECTHBIX a,b, ¢, d, e

C TPEYroJbHOM MaTpULIEH:

1 0 0 0 0|1
-2 1 0 0 0/0
2 -2 1 0 0/0
-1 1 -1 1 0}0
1 1 1 1
5 —1 3 —3 1|0
1
Orciona naxoaum nosiniom P(z) = z* + 223 + 22 ~ 30

A n(n+1)(2n + 1)(3n? 4+ 3n—1!)
Z b fP ~ 30 30 .

5. Marpuua, cocrosiias ToJbKO U3 HyJiel W eIMHULL, HasblBaeTcs OuHapHoi. Kakoe HaubGosb-
111ee YHCJI0 eIMHULL MOXKET CoJIep2KaTh HEBbIPOXK/IeHHAsI OMHApHAs MaTpHLa Mopsiika n?

Pewenue. Eciu uncso nyneit 6yner < n — 2, To, sICHO, UTO Kakue-To JBa crosbua OyayT
COCTOSATh U3 OAHUX eluHulL, 1 Toraa det A = 0. C apyroit cTopoHsl, 1Jis JI0OOTO 7 JIeTKO MOCTPO-
UTb HEBBIPOXKIEHHYIO MATPHLLy, COIEPKALLYI0 TOUHO 1 — 1 HyJel: MyCTb HYJIM PacloJiozKeHbl Ha
rJaBHON nojyiMaroHasnu. HeBbIpoxKI€HHOCTb TaKOH MaTpHLbl IOKA3bIBaeM M0 HHYKLUHMH pasJaras
ornpeJesIuTe b 10 MepBOMY CTOJOLLY:

(96n +15n% +10n? — 1) =



1 1 1 1
0 1 1 1 1 1 1 ...
det A, = 1 0 1 1 = 1-detAd,; —0-(.)+| 1 1 1 ...|-—
1 1 0 1
1 1 1 ..
1 1 1 ...|+...=detA,_;1 = ... = detA; = 1, T.K. Bce cjaraemble, HaUMHasi ¢ 3-

IO COLEPXKAT B MEPBbIX ABYX CTPOKAX OJHHU €HHHLIbI.
OtBeT: n? —n + 1.

6. [Tyctb F' — okyc napa6oJibl y?> = 2px. LlenTp npaBujabHOrO n -yrosibHuKa AjA, ... A,
HaxoauTCcsd B Touke F W HU ojaHa M3 ero BepuimH A; He Jexur Ha ocu Ox. Jlyun
FA,FA,, ... ,FA, nepecekator napaboJy B Toukax By, Bs,...,B,. Ilokasatb, uto |F'B;| +
|FBy|+ ...+ |FB,| >n-p (|FB;| — paccrosinue Mmexxay Toukamu ' v B;).

Pewenue. O6o3nauum t;, = |F By|,« — yroa, o6pa3oBanublii F'B; ¢ ocbio Ox U oy, = a +

2m(k — 1 .
ﬁ. Touka Bj umeeT KOOpAHMHATbI P 4+ tpcosay;tpsinay |, t, = P U Toraa
n 2 1 — cosay

no] n 12 2k — 1 n no1 n
o—=—==> cos(oz + ﬁ) = (E —) (Z tk) > n? (nepasenctso Koum),
k=1t D Pr=1 n P \i=tle/) \k=1
OTKYyJla U cJelyeT TpeOyeMbli pe3yJ/bTar.

7. J1nis KakuxX JeHCTBUTENbHBIX UMCEN a W b MOCael0BaTeNbHOCTb Tg = a,x1 = 1 + bxg, 20 =
14+ bxy,..., 2501 =1+ bx,, ... UMeeT KOHEUHBIH Mpeie?

Pewenue. [To HHIyKLMK JIETKO J0KA3aTh SIBHYIO GOPMYNY T, = 1 +b+ b2+ ... +b" "1 +b"%a =

-1 I 1
— +b"a = 13 +b (a - m), (b # 1). TocaenoBaresbHOCTh () CXOAUTCS K T3

npu |b| < 1 umo6om a, 1160 npu o6oM b # 1 1u a = T3
B ocranbhbix cayuasx (z,) pacxoauTes.



